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Abstract

In this paper, a detection strategy based on variable neigbbd search (VNS) and semidefinite relax-
ation of the CDMA maximum likelihood (ML) is investigatedh& VNS method provides a good method
for solving the ML problem while keeping the integer constte. A SDP relaxation is used as an efficient
way to generate an initial solution in a limited amount oféinm particular using early termination. The
SDP resolution tool used is the spectral bundle method dpedlby Helmberg. We show that using VNS
can result in a better error rate, but at a cost of calculdtioa.

1. Introduction

In direct-sequence code-division multiple access systesers are assigned a unique signature waveform,
used to modulate their transmitted signals. However, digeveral factors, it is not possible to insure the
orthogonality between them. The most visible effect is thatsignal quality is lowered (due to multiple
access interferences), and that it poses difficulties wiesignal is demodulated.

A conventional Rake detector is limited by these effectsl iatas been shown that a better strategy is to
detect the multiple users jointly. Verdl [11] proposed andlyzed the optimal multi-user detector, which is a
maximum likelihood (ML) sequence detector. The detectarimizes, with respect to all possible transmitted
bit sequences, the Euclidean distance between the acte@ed bit sequence and the hypothesized sent bit
sequence. It allows one to take into accountfélusers when the signal arrives at the ML detector. This is
possible because a sufficient statistics for the detecfion® use contains the information about the others.
When using Binary Phase-Shift Keying (BPSK) to modulate spigtad the signal, the optimal detection
of a signal of lengthl. with K users is equivalent to minimizing a quadratic program wli bit vectord
constrained to the sdt-1,1}-%, known as a binary quadratic program (BQP). It has been slib]rthat

this problem is a non-deterministic polynomial (NP-haahd is much too complex for practical use even
with a moderate number of users.

It is possible to find upper bounds to the multi-user detectimblem using meta heuristics such as Tabu
Search, Simulated Annealing or, as we show in this papeiabar Neighborhood Search. Such algorithms
can give good results by avoiding the systematic test ofygyessible solution. However, in some situations,
their performance may not be enough.

One solution is to lift the domain constraint drto obtain a tractable nonlinear problem that can be solved
approximately. In particular, the use of semidefinite pamgming has been shown to give tight bounds to
the BQP program [5, 1] and therefore good detection resnlSDMA systems [9], [13]. This paper is
organized as follows: in the section below, the CDMA modealdscribed. In section 3, we will develop the
semidefinite relaxation and its use in the multi-user deagiroblem. In section 4, we will present the VNS
algorithm and how it can be used with a SDP relaxation, thesedation 5 numerical results will be presented.
Concluding remarks will be found in section 6.



2. System Model

We consider a CDMA channel wit& users, using pseudo-random signatures of ledgtheach of unit
energy. The transmitted signal is assumed to be corruptédititive White Gaussian Noise (AWGN). We
also consider the channel to be synchronous. We considanesee of arbitrary length. At any given
instant, letd € DX be the vector of symbols sent on the channel, Bnithe set of possible symbols. For
more details, see P.H. Tan and L.K. Rasmussen [9].

Using vector notation, thé K Matched Filter (MF) outputs can be written as [12]:
y=RCd+n Q)

WhereC is the matrix of the channel coefficients of the us&ss the K L x K L matrix of cross correlations,
n is the gaussian noise sequence vector, and has zero meantaodreelation matrix (withr> = Ny /2):

E [nnH} =o’R

The optimum ML detector chooses the hypothesigven the MF output, and assumes perfect knowledge of
C and ofR:

d = argmaxp(y | d).
Since we are working with an AWGN channel, the log-likeliddanction based op(y | d) may be written:
F(d) = 2Re{y" Cd} — d” CHRCd.

The constrained ML problem associated with the negativdikadihood function is described as:

d= in d?CH*RCd - 2Re{y” Cd 2
arg min efy” Cd} )
Solving problem (2) requires a search over &’ possible combinations of the componentsiofEven
when considering a single symbol interval (synchronousiob, we still have to search ovB¥¢ possibili-
ties. Itis clear that computational complexity grows exgatmally with the number of users. Verdl showed
in [10] that the complexity, however, does not necessaritywexponentially with the block length.

In single path AWGN channels, it is sufficient to consider fiignal received during one signal interval.
When the channel coefficients are real valued and the syndbais binary © € {—1, 1}), the optimization
problem (2) can be rewritten as:

~

d= in dT'CTRCd - 2yTCd 3
arg | nin y 3)

3. Semidefinite programming for multi-user detection

We will use the real channel - binary symbol formulationiw@} = CTRC, ¢ = Cy andu = d. We get:

u = argminu? Qu — 2cTu
. 1 (4)
stue{-1,1}""

with K = n — 1. The following results are true for any mati@ = Q” [5]. By adding a dummy variable
uy,, we may reformulate the preceding program as:

[u*,up] =arg min [u”  wu,] { Q. —OC ] { u }

[u,un] —C

s.t[ ; ] e {-1,1}", w,=1.
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Given that the cost function is symmetrical, we do not hava&intain explicitly that,, = 1, we then have:

L—[_%T _OC} and x:[uT un}T

The problem (4) becomes:
x* =argminx’Lx s.txe {-1,1}". (5)

A semidefinite relaxation of this program uses the rewriting Lx = tr{Lxx’}. Forallx € {—1,1}",
the matrixxx” is positive semidefinite, its diagonal elements are equdl, tand is a rank-1 matrix. Let
X = xxT, such asX satisfies the properties we just listed. This may be rewriits

The problem (5) becomes:

X = argmin tr{LX}
x (6)
s.t. diagX) =e,, rankX)=1, X >0.

where diagX) is the vector of diagonal elements Xf ande,, the all ones vector of length. X > 0
means thaX is positive semidefinite. The subscriptXf refers to the rank one constraint. The equivalence
between (5) and (6) is shown in general in Lemma 3.1 of [7]. éfdvop the rank one constraint, we get the
following semidefinite program:

X* = arg m)éntr{LX} s.t. diadX) =e,, X =0, (7)
with diag(X) the vector of diagonal elements K.

We use the program SBmethod, developed by Helmberg [4] t@gbE problem, with an early termination
criterion, given by Jalden’s method in [6], followed by thpproximation method of Ma and al. [13]. We
will refer to the algorithm as early SDP, which we will notel2fS

4. Variable Neighborhood Search

Variable Neighborhood Search (VNS) is a recently develapeth heuristic [2, 3, 8] that uses the idea of
neighborhood change during the descent toward local opimdeto get out of the valleys that contain them.
We define our neighbor structufé, (x) as the vectorg’ at a distancé from x. The distance is the number
of bits differing between vectoss andx’.

VNS is a meta heuristic that allows us to find an upper bountiédunction we minimize. By comparing
that bound with the one found by the SDP method, we can seéhethet not we have a good approximation
of the optimal solution. VNS uses the following observasion

Obs 1: A local minimum for a given neighborhood structureasmecessarily one for another.

Obs 2: A global minimum is a local minimum for every possibéghborhood structure.

Obs 3: In numerous problems, local minima in one or more rmdiood structures are close to each other.

4..1 Basic VNS algorithm

Initialization. We pick a set of neighborhood structug, with & = 1,. .., k42, that we will use
during the shaking phase, a set of neighborhood structyresth [ = 1, . . . [,,,,, used during the local
search. In our case, we lkt,,, = 1 andl,,,, = K, and our initial solution is a randomly generated
vector.



Repeathe following sequence:

Q) k<1
(2) Repeathe following steps:

(a) Shaking we randomly generate a vecterin the k-th neighborhood ok (x’ € Ny (x)).
(b) Local search
(bl) 1
(b2) Repeathe following steps:
- Exploration of the neighborhood: Find the best neightibof x’ in NV;(x');
- Move or not: If f(x) < f(x') thenx’ «— x” andl «+ 1; elsel < [ + 1 (here
f(u) = u’'Qu — 2c¢’u; c.f. (4));
UL“IZ = lmaz:
(c) Move or not If the local optimumx” is better than the original vectar then we move there
(x « x"'), and the search restarts Wy (k < 1); else we increask (k — k + 1).

Until k = kas:

Until the stopping condition is met (in our case, a number of ii@natV;;.,.):

4..2 VNS + SDP algorithm

One of the steps of the VNS algorithm (the choice of the ih#@dution) can be generated randomly, which
may in some cases allow fast convergence toward the sojdtidiwhich may also generate a waste of time
if the initial solution is in a valley far from the optimal sdlon. The consequence is that the calculation
time is subject to important variations. A solution to thabldem is to pick an initial solutiom, using a
different method. Here, we used the SDP method to find an appade solution, which we then round
off (simple rounding) from where the VNS algorithm will statt should be noted that we are not doing a
full SDP calculation, but that we limit the execution timesifig the method given by J. Jaldéen in [6] to find
the precision termination criterion). The resulting algon is almost the same as the one above, with the
difference that the initial solution is not randomly gertedq but is instead obtained from an SDP relaxation.
An interesting effect is that it lowers the numbers of itemas$ V;;.,- necessary to converge toward an optimal
solution. We will note this algorithm VNS+.

5. Simulations

The measurement of interest here is the Bit Error Rate (B&Rich, from the user’s point of view, is the
main aspect. It allows us to calculate the performance ofdetection method. The BER is defined as the
number of errors over the number of transmitted bits ratiothBhe eSDP and VNS+ algorithm rely on the
early termination method of J. Jalden [6], which allows take comparisons between both regarding their
capacity to find the best solution not only on the exact sameesgces, but on the same SDP solution (the one
returned by SBmethod) as well. We choose to present hereBERedBd signal to noise ratio (measured in dB,
noted SNR/dB) relation curve, for two reasons: it allowsasde how the quality of the signal progresses
with the signal strength. Moreover, it is a widely used perfance measurement which allows comparisons
with other methods, such as the one proposed by P.H. Tan &dasmussen [9] or by Ma et al. [13].

We studied three situations: the first two are light load sd8ég. 1), with a number of useds equal to

36 or 48. The third is a heavy load case (Fig. 2), with the nunabeisers equal to 60. All three cases
use a signature of lengtN = 64. In the first case X = 36), we can see that both algorithms perform
similarly, with the VNS+ algorithm giving slightly betteesults. In the second cask (= 48), we can see
that the gap between the two methods starts to widen, whaleSDP algorithm gives good results, the VNS+
outperforms it. In the heavy load cag€ & 60), we can see that the eSDP algorithm is clearly outperformed
by the VNS+.
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Figure 1: Average bit error rate in the light load cas¥s=£ 64)
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Figure 2: Average bit error rate in the heavy load cdse<{ 60, N = 64)



The complexity performance, on the other hand, is completpposite. Indeed, if the VNS+ gives better
results, it comes with a complexity cost. Far = 10, VNS+ takes3.4 times more time to end than eSDP.
The more we raise the number of users, the wider the gap becdfeK = 48, the ratio of the execution
times is23.8, and for K = 60, VNS+ is 32.5 times slower than eSDP. We believe this ratio can be lowered
with finer tuning of the VNS algorithm, in particular to avaigcalculations of the log-likelihood in the local
search phase.

6. Conclusion

In this paper, we have introduced a semidefinite relaxatfaihe optimal ML problem coupled to a vari-
able neighborhood search method as a way to obtain betterg@f@rmances. The partial result of the
semidefinite relaxation problem with early termination i@d to the VNS algorithm as a way to improve
its performance in heavily loaded cases. The numerical plespresented show that our method can yield
better BER results, at the cost of increased computatian cos
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